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SUMMARY. The present  paper develops a genera l  n o n l i n e a r  t h e o r y  
o f  e l a s t i c  s h e l l s  f o r  which t h e  s t r a i n  measures depend on f i r s t  and 
second o r d e r  deforrnat ion grad ien ts .  The r e d u c t i o n  t o  t h e o r i e s  of 
p r e v i o u s  work i s  i n d i c a t e d .  
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1. l n t r o d u c t  i o n  
In a r e c e n t  paper [l] , t h e  au thors  presented a n o n l i n e a r  t h e o r y  
o f  e l a s t i c  s h e l l s  by t r e a t i n g  the de format ion  o f  an e l a s t i c  s u r f a c e .  
Subsequently Naghd iC2J suggested t h a t  t h e  t h e o r y  o f  Ref  [1 ]  c o u l d  be 
improved by d e f i n i n g  a sur face  s t r e s s  t e n s o r  wh ich  i s  n o t  synmet r ic .  
In deve lop ing  s h e l l  t h e o r i e s  from t h e  equat ions  of three-d imensional  
cont inua,  i t  i s  n a t u r a l  t o  d e f i n e  a nonsymnetr ic  s u r f a c e  s t r e s s  tensor .  
I n  t h i s  paper, t h e  au thors  extend t h e  r e s u l t s  o f  Ref L1J by c o n s i d e r i n g  
a l e s s  r e s t r i c t e d  c l a s s  o f  deformat ions w h i l e  s imu l taneous ly  d e f i n i n g  
a non-symmetric s u r f a c e  s t r e s s  tensor.  
Two p r i n c i p l e s  a r e  pos tu la ted :  a p r i n c i p l e  o f  v i r t u a l  work and a 
p r i n c i p l e  of  m a t e r i a l  o b j e c t i v i t y .  (An a p p r o p r i a t e  f o r m u l a t i o n  o f  t h e  
p r i n c i p l e  o f  v i r t u a l  work i s  t h e  key t o  i n t r o d u c i n g  a non-symmetric 
s t r e s s  t e n s o r . ) '  These p r i n c i p l e s  a r e  a p p l i e d  t o  o b t a i n  a t h e o r y  o f  
e l a s t i c  sur faces  w i t h i n  the  framework of  the  assumed form o f  t h e  s t r a i n  
energy f u n c t i o n .  The s t r e s s  tensor  and t h e  coup le  s t r e s s  tensor ,  both 
non-symmetric s u r f a c e  tensors,  depend on deformat ion  tensors  l., 5 and ,CC 
which a r e  d e f i n e d .  
undetermined a r e  now e x p l i c i t l y  g iven  i n  terms o f  the  s t r a i n  energy 
f u n c t i o n  by a c o n s t i t u t i v e  equat ion.  
i n t e r p r e t e d  as double s t resses ,  are c h a r a c t e r i s t i c  o f  i n t r o d u c i n g  
second o r d e r  g r a d i e n t s  i n t o  a theory.  
The q u a n t i t i e s  w h i c h  i n  Ref L1J were e n e r g e t i c a l l y  
These q u a n t i t i e s ,  which a r e  
F i n a l l y ,  i t  i s  shown how the t h e o r y  o f  Ref [13 may be recovered as a 
s p e c i a l  case o f  t h e  present  theory.  
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2 .  Kinemat ics 
K L e t  X be r e c t a n g u l a r  Car tes ian  coord ina tes  d e f i n e d  i n  an E We 
3 '  
d e f i n e  a s u r f a c e  S or an R imbedded i n  t h i s  E by 
2 3 
K K A  x = x  ( u )  
d 
where U a r e  genera l  c u r v i l i n e a r  coord ina tes  i n  S .  Here and i n  a l l  cases 
L a t i n  and Greek i n d i c e s  t a k e  on the va lues  1,  2, 3 and 1 ,  2 r e s p e c t i v e l y .  
The s u r f a c e  g i v e n  by Eq. (2.1) i s  descr ibed by t h e  fundamental s u r f a c e  
t e n s o r s  and 1 w i t h  components g iven by: 
K where 3 w i t h  components N 
semi-co lon denotes the  t o t a l  c o v a r i a n t  d e r i v a t i v e  (Er icksen [ 31). We 
r e c a l l  t h a t  t h e  tensors  A and B s a t i s f y  the usual  equat ions  o f  s u r f a c e  
t h e o r y  assoc ia ted  w i t h  t h e  names o f  Gauss, Weingarten and Mainard i -Codazzi .  
i s  t h e  u n i t  v e c t o r  normal t o  S and where the  
'v N 
We now assume t h a t  S deforms i n t o  a s u r f a c e  s g i v e n  by 
x i ( u b  ) (2.2) . 
Ma juscu le  and m i n i s c u l e  L a t i n  and Greek l e t t e r s  and i n d i c e s  w i l l  be assoc ia ted  
w i t h  S and s r e s p e c t i v e l y .  We assume X i n  S maps i n t o  5 i n  s .  
t h e  mapping 
I f  we s p e c i f y  
w 
U = u s  ( U A )  (2.3) 
t h e n  the  de format ion  of S i n t o  s i s  g i v e n  by Eqs (2.1),  (2.2) and (2.3).  
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We d e f i n e ,  f o r  a d i f f e r e n t i a l  d e s c r i p t i o n  o f  t he  s t r a i n ,  t he  de fo rma t ion  
tensors  : 
L and L a r e  t h e  K i r chho f f -Love  tensors  which enable us t o  c a l c u l a t e  l e n g t h  
and ang le  changes and normal c u r v a t u r e  changes r e s p e c t i v e l y .  C, l i k e  ,L, i s  
a s s o c i a t e d  w i t h  changes i n  t h e  i n t r i n s i c  aspect o f  su r face  geometry. 
h 
d 
. 
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3 .  P r i n c i p l e s  of  V i r t u a l  Work and O b j e c t i v i t y  
We d e f i n e  the  v i r t u a l  work assoc ia ted  w i t h  an a r b i t r a r y  v i r t u a l  
d i sp 1 acemen t by 
where c i s  a c i r c u i t  e n c l o s i n g  a s u r f a c e  
d e n s i t y  and t h e  c o m a  denotes o r d i n a r y  c o v a r i a n t  d i f f e r e n t i a t i o n .  
@- i n  s ,  Y i s  t h e  s u r f a c e  mass 
The 
q u a n t i t i e s  2 and 2 w i l l  l a t e r  be assoc ia ted  w i t h  t h e  s t r e s s  and body 
f o r c e  v e c t o r s  w h i l e  m and w i l l  d e f i n e  t h e  double s t r e s s  and t h e  
doub le  body v e c t o r s  r e s p e c t i v e l y .  
d u  
We assume t h a t  t h e  deformat ion i s  such t h a t  t h e r e  e x i s t s  a s t r a i n  
energy function wh ich  i s  o f  t h e  form 
e = 6 (x i  ; X i ,  ;n ; 4z 
and t h a t  t h e  t o t a l  energy o f  de format ion  W i s  g i v e n  by 
W = S r G d ' i -  
a- 
We now p o s t u l a t e  
( 3 . 3 )  
( 1 )  t h a t  t h e  mechanical behav io r  o f  the  s u r f a c e  i s  governed by a p r i n c i p l e  
o f  v i r t u a l  work which r e q u i r e s  as a necessary c o n d i t i o n  fo r  e q u i l  ib r ium:  
4 = 6 w  ( 3 . 4 4  
k for a r b i t r a r y  v a r i a t i o n s  s x  . 
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A n  e q u i v a l e n t  f o r m u l a t i o n  of t h e  p r i n c i p l e  o f  v i r t u a l  work i s  
ob ta ined  by i n t r o d u c i n g  Lagrange mu1 t i p l  i e r s  t ' (Courant and H i  l b e r t  1145 ) 
and r e q u i r i n g  as a necessary c o n d i t i o n  f o r  e q u i l i b r i u m :  
k 
. T h i s  l a t t e r  f o r m u l a t i o n  a l l ows  k k f o r  a r b i t r a r y  v a r i a t i o n s  & x  , r$x 
x and x 
( i i )  t h e  energy f u n c t i o n  G i s  o b j e c t i v e ,  i . e .  
'o! 
to  be regarded as independent v a r i a b l e s .  
k 
'c4 
& € =  0 
when 
i P  $2 = a x  
P 
i where a i s  an a r b i t r a r y  cons tan t  skew-symmetric tensor .  
P 
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4. Basic Equations of an Elastic Surface 
If we set 
apply the principle of virtual work given by (3.4 b, c), and use Eqs (3.1)) 
(3.2) and (3.3) as well as Green's theorem, we obtain that, for arbitrary 
and independent 8 x  and &xi ' , the following must hold: i 
,6 
on c :  
where 2 is the unit normal surface vector to c. 
on r: 
+ s t 
k ,  r f k  = 0 (4.4a) 
(4.4b) 
Eqs (4.3) are the boundary conditions, Eqs (4.4) the equilibrium conditions. 
We now apply the postulate of material indifference. We note that 
may be replaced, or using Eqs (3.2), (4.1) and (4.2), by Eqs (3.5)a, b 
the' fol lowing equation: 
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We next consider Eq (4.5) as a set o f  3 independent first order 
partial differential equations in the 15 independent variables 
X Y X  
Eq (4.5) is given by . 
i . The set of 12 functionally independent solutions of i 
; A  ; az 
=   LA^, K nzy cmr,) 
where L, K and C are given by Eqs (2.4)-(2.6). Hence we have 
. b - J  N 
With the use o f  Eqs (2.4)’ (2.5),  (2.6),(4.5),(4.7), the constitutive 
equations (4.1)’ (4.2) may be written: 
(4.10) 
(4.11) 
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c 
when we decompose and /CC i n t o  t h e i r  s u r f a c e  r e p r e s e n t a t i o n  i . e .  we s e t  
N 
(4.12) 
F i n a l l y  we decompose t h e  equat ionsof  e q u i l i b r i u m  i n to  t h e i r  s u r f a c e  
r e p r e s e n t a t i o n .  Eq (4.14a) i n  such a r e p r e s e n t a t i o n  y i e l d s  t h e  s o - c a l l e d  
s t r e s s  equat ions o f  e q u i l i b r i u m :  
S i m i l a r l y  Eq (4.14b) may be w r i t t e n  w i t h  the a d d i t i o n a l  use o f  Eq (4.9): 
= o  
(4.14a) 
(4.14b) 
(4.16) 
I f  we take i n  o r d e r  t h e  skew-symmetric and the symmetric p a r t  o f  Eq (4.15) 
we o b t a i n :  
-8- 
Equation (4.16) expresses the usual two equations of moment equilibrium. 
Equation (4.17) may be regarded as the form in this theory corresponding 
to the third equation of moment equilibrium. Equation (4.18) expresses 
the symmetric part of the surface stress tensor t 
quantities previously defined or specified. The boundary conditions (4.3) 
may.be written: 
in terms o f  dA 
on c 
0 
. .  
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5.  Concluding Remarks 
We have shown t h a t  i t  i s  p o s s i b l e  t o  in t roduce  a s u r f a c e  s t r e s s  
tenso r  t O'P 
p a r t  t 'Ocm 
e q u i l i b r i u m .  The sur face  coup le  s t r e s s  t e n s o r .  /i;"p 
which i s  n o t  syn-metric i n  genera l .  I t s  skew symmetric 
can be determined from the  " t h i r d "  equa t ion  o f  moment 
i s  a l s o  n o t  
i s  determined from the  symmetr ic.  I t s  symmetric p a r  ,2i id% 
c o n s t i t u t i v e  equa t ion  (4.11). We no te  a l s o  t h a t  Eqs (4.14), (4.16), 
(4.17) and (4.18) correspond n order  t o  Eqs (5.19), (5.21)a, b and 
(5.22) o f  R e f  . We no te  t h a t  t h e  theo ry  i s  de te rm ina te .  
I f  we w r i t e  
= 0, we can 6 
; A T  
and assume a homogeneous de format ion  de f i ned  by u 
Oip 
recove r  the  theo ry  o f  Ref L l ]  . In  t h i s  case we s e t  t H l n  
tM 
= r: 9 
--d = t and a l though  from a geomet r ica l  c o n s t r a i n t  C = 0, we keep 
rv 
3 as an e n e r g e t i c a l l y  undetermined c o n s t r a i n t .  
For a , we s e t  d 
; AX 
heory which n e g l e c t s  second o rde r  g r a d i e n t s  u 
o( r'"/"' 0. Then vanishes and the c o n s t i t u t i v e  equa t ion  f o r  
y the d e r i v a t i v e  o f  w i t h  respec t  t o  A. The s t r e s s  
equ i  1 i b r i u m  equat ions  (4.14) a r e  unchanged, b u t  i n  (4.16) - (4.18), we - 
o m i t  t he  terms i n v o l v i n g  ,k . The su r face  tensors  t and .z- are  s t i l l  
A# -4 Y.4  
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non-symmetric b u t  t h i s  r e s t r i c t e d  t h e o r y  i s  s t i l l  de termina te .  The 
r e d u c t i o n  t o  a l i n e a r  K i rchof f -Love theory  i s  c l e a r .  
F i n a l l y  we p o i n t  o u t  t h a t  the genera l  t h e o r y  o f  t h i s  paper can be 
brought  i n to  correspondence w i t h  t h e  t h e o r y  of s imp le  f o r c e  d i p o l e s  
g i v e n  by Balaban, Green and Naghdi C5J as recorded i n  equat ions  (6.1) 
and (8.16) - (8.23) of t h i s  Reference. N i w  correspond t o  t , i cx  
Gia t o  zia , N p B  t o  p -UP, Gw6 (= G B W )  = Nw6 = N  B W )  
t o  x . We p o i n t  o u t  a l s o  t h a t  t h e  t h e o r y  of t h i s  paper i s  t h e  
two-dimensional  analogue o f  t h e  r e s u l t s  of Toupin L63 . 
0 
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